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ABSTRACT. For a completely regular space X we denote by F(X) and
A(X) the free topological group of X and the free Abelian topological group
of X, respectively, in the sense of Markov and Graev.

Let X and Y be locally compact metric spaces with either 4(X) topolog-
ically isomorphic to A(Y) or F(X) topologically isomorphic to F(Y). We show
that in either case X and Y have the same weak inductive dimension. To prove
these results we use a Fundamental Lemma which deals with the structure of
the topology of F(X) and A(X). We give other results on the topology of F(X)
and A(X) and on the position of X in F(X) and A(X).

1. Introduction. The purpose of this paper is to continue the study of
free topological groups begun by Markov [10] and Graev [6]. Graev showed
that if X and Y are compact metric spaces such that A(X) and A(Y) are topolog-
ically isomorphic, then X and Y have the same dimension. In Theorem 2 we
strengthen this result by showing that if X and Y are locally compact metric
spaces such that A(X) and A(Y) are topologically isomorphic, then X and Y have
the same weak inductive dimension. In Theorem 3 we give the analogous result
for F(X).

In order to prove these results on dimension we need a convenient way to
study the topology which the free topology on F(X) induces on Y. Let F,(X)
be the set of all elements of F(X) with length at most n. We define 4, (X) simi-
larly. We prove a Fundamental Lemma which says that if xj1x52 - « - x;n is the
reduced representation of a point of F(X) where x; € X and ¢; is 1 or —1 for
i=1,2,...,n,then a fundamental system of neighborhoods of xflxgz <o
xyn in F,(X) is formed by the family of all sets of the form Us1U32 - - - Usn
where Uj is a neighborhood of x; in X fori=1,2,...,n The analogous result
is true for A(X).

In addition to our Fundamental Lemma we need Theorem 1 in order to
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prove Theorems 2 and 3. Theorem 1 says that if X is any completely regular
space and Y is a compact subset of A(X) then Y C 4, (X) for some positive inte-
ger k.

Another consequence of Theorem 1 is Theorem 4 which says that if X is
not discrete then F(X) and A(X) are not locally compact. We also give an exam-
ple of a paracompact space X such that F(X) and A(X) are not normal.

Finally let ¢ be a topological isomorphism of F(X) onto itself. Then in
Theorem 5 we show that ¢(X) algebraically generates F(X) as its free topological
group. An analogous result holds for A(X).

2. Preliminaries. Before going into the main results of this paper we need
some background material. Let X be a completely regular space. In this paper
we use the definition of the free topological group F(X) of X given by Graev [6].
We also adopt the notation used by Graev. Unless otherwise stated, all topologi-
cal spaces and topological groups are Hausdorff and X will denote a completely
regular space.

Let e be any point of X. The free topological group F(X) of the space X
is defined to be the unique topological group F(X) which satisfies the following
three properties.

(1) R(X) contains X as a subspace.

(2) There is no proper closed subgroup of F(X) which contains X.

(3) If v is a continuous mapping of X into a topological group G for which
y(e) is the identity of G, then ¢ can be extended to a continuous homomorphism
d of the topological group F(X) into G.

The definition of the free Abelian topological group A(X) of the space X
may be obtained by keeping (1) and (2) as they are and by considering only Abe-
lian topological groups G in (3). The existence and uniqueness of F(X) and A(X)
follow from Graev.

It also follows that X algebraically generates F(X) and A(X). From this we
conclude that (2) may be replaced in the definitions of F(X) and A(X) by

(2") X generates F(X) algebraically.

In fact, Graev showed that the free topological group of X may be obtained by
taking X\{e} as a set of generators for a free algebraic group G. Then we iden-
tify the point e of the space X with the identity element of the group G. If G
is given the strongest topology which makes it into a topological group and also
induces the original topology on X, then G becomes the free topological group

of X. Similar remarks can be made about free Abelian topological groups.

We call the topology on F(X) which makes F(X) into a free topological
group the free topology on F(X) The free topology on A(X) is defined similarly.

By the length of an element x € F(X) we mean the smallest integer n such
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that X = x§1x52 - - - x&n where x; E X and ¢;is 1 or =1 fori=1,2,...,n
The length of the word y{1y52 - - - y3¥,where y, € X and ¢; is 1 or —1 for i =
1,2,...,k,is k, even if the word can be reduced to something shorter.

Throughout this paper, unless otherwise stated, e will denote the identity
of F(X), and O the identity of A(X). Unless otherwise stated, symbols like x;
and y; will denote points in F,(X) or 4,(X).

Suppose X is a metric space. Graev gave a procedure for extending a metric
on X to a metric on F(X) which is compatible with the group structure of F(X)
and whose topology is weaker than the free topology for F(X). Suppose X is a
completely regular space. Then the procedure will also extend a pseudo-metric
on X to F(X). If the pseudo-metric topology on X is weaker than the given to-
pology on X, then the topology induced on F(X) by the extended pseudo-metric
is weaker than the free topology on F(X). Similar remarks can be made for the
group A(X).

As the above mentioned procedure is basic to this paper we outline it for
the reader. Let p be a pseudo-metric on the space X. For convenience we will
denote the extension by p also. We first extend p to F;(X) by oLy =
o(x, ) and p(x, y™1) = p(x”}, y) = p(x, €) + p(e, y) for any points x and y in
X

Next we extend p to all of F(X). Suppose x and y are two elements of
F(X). We define

3
p(x, y) = inf 'z:lp(x,f, Y)ixixy oo xp=xandyiyy -y =y
i=
The above infimum is taken over all representations x}x} - * - x} of x and y}y}
-+ * y} of y which have the same length. The points x} and y} are in F;(X) for
i=1,2,...,k Weallow k to vary.

Graev showed that the distance p(x, y) is actually achieved for some repre-
sentations of x and y. That is, p(x, ¥) = ZX_, p(x}, y}) for some particular repre-
sentations x{x5 - - - xj of x and y}y} * - -y} of y.

Let {p,},c; be the family of all continuous pseudo-metrics on a completely
regular space X. Extend p, to F(X) for every v € . Let T be the least upper
bound of the topologies on F(X) determined by the p, for » € I Then T induces
the original topology on X. Further, T makes F{(X) into a Hausdorff topological
group. The free topology on F(X) is stronger than T and, in general, the topol-
ogies are not the same.

3. A fundamental lemma on the topology of F(X). This section is devoted
to an important lemma which will be used later in the paper. Before giving this
lemma we state another lemma which is a consequence of general topology.
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LEMMA 1. Let x4, x,, . . ., X, be distinct points of a completely regular
space X. Let U; be a neighborhood of x; in X fori=1,2,...,n. Suppose
that U; N U, = & whenever i #j. Then there is a continuous pseudo-metric p
on X such that p(x, x;) = 1 whenever x¢ U, fori=1,2,...,n

FUNDAMENTAL LEMMA. Let X be a completely regular space. Let x$1x32
* x;n be a point of F,(X) where X, €X,x;#eand¢;is1or-1fori=1,
2,...,m andx #*X; i1 wherever € = ~€11 forj=1,2,...,n—1. That
is, the word xllxe2 - x;n is in reduced form. Then a base for the neighbor-
hood system of x{1x52 - « - xn in the subspace F,(X) is formed by the family
of all sets of the form Ui1U32 - - - Ugn where U, is a neighborhood of x; in X
fori=1,2,...,n

PROOF. Let V be a neighborhood of x§1x52 - - - xgn in F(X) for the free
topology. By continuity of multiplication we can find neighborhoods U;, U,

» Up of x§1, x52, ..., xpn respectively in F(X) such that U U, - - U, C V.
Define U; = U;ei nx forz =1,2,...,n where X is regarded as a subspace of
F(X). Then we have U{1U32 - - - Ugn C ¥V N F,(X), and U is a neighborhood
ofx;inX fori=1,2,...,n. It follows that every neighborhood of xllxe2

* = x" in the subspace F,(X) contains a set of the form US1US2 - - - Un
where U, is a neighborhood of x; in X fori=1,2,...,n.

Let U; be a neighborhood of x; in X fori=1,2,...,n We also require
that the sets U; satisfy conditions (i) e & U;; (i) U; N U; = & whenever x; #
x;;and (i) U; = U; whenever x; = x;foralli,j=1,2,...,n Itis sufficient
to show that Uj1U32 - - - Usn isa nelghborhood of xllx§2 * x;# in the sub-
space F,(X). Notice that every reduced word in Uj1U32 - - - Ugn has length
exactly n.

By applying Lemma 1 we define a pseudo-metric p on X such that p(x;, x)
= 1 whenever x € X\U, fori = 1,2, ...,n We observe that p(x;, x)=1
whenever x; #x;, and p(x;, ) = 1fori=1,2,...,n We extend this pseudo-
metric p to the entire free topological group F(X) in the usual way, that is in the
way which was outlined previously. We also call the extended pseudo-metric p,
and recall that it induces a topology on F(X) which is weaker than the free to-
pology.

Let U; C F(X) be defined fori=1,2,...,nby

= {x EF(X): p(x, x)) < 1/n}.

We will show that
U LU, 2 - - - UpSn N F(x) C USLU2 - - - Ugn
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so that U§1U32 - - - USr is a neighborhood of x{1x32 - - - xgn in F,(X). Notice
thate ¢ U/fori=1,2,...,n

Let y,y, * - -y, and y}y} -+ * y} be any two words in F(X) of equal length
r with y; and y} in F{(X) fori=1,2,...,r but not necessarily in reduced
form. We define

r
GV Y2 Ve Y s )= 2 e VD-

i=1
Notice that ¢ may take on different values for different representations of the
same elements.

Let w; = y;,¥i, * * * ik, be a point of Ui fori=1,2,...,n Weas-
sume further that y;,¥;, * * * Yix; is a representation of w; which achieves the
distance to x{i = x;,X;, * * * X, That is,

ki
(il wy) = Zl P(xyj Vi) = P XixXip ** * Xikp YaViz ** " Vik)
l=
fori=1,2,...,n where the points x;; and y;; are inFi(X)fori=1,2,...,
nandj=1,2,...,k;. Suppose further that
yl o-.yn'-:wl .oown=yll oo.ylkl o-oynl oo.ynk”
is a point of U;€1U,€2 - - - U,*r N F, (X) where y; is a point of F,(X) fori =
1,2,...,n'. Finally we assume y,y, * -y, is in reduced form. We wish to
show n’'=nand y; € Ufifori=1,2,...,n Sincey,y, * - y,, € F,(X) we

know that n' <n.
We calculate

p(x'i’l . -x:", Ve ’yn')=P(Xf‘ . 'x'eu"’wl ceew,)
g‘p(xu T Xpky T Xyt Xnkgp Y1y Vi ...ynl...ynkn)
=@xyy - *X1kyr Vi °"ylkl)+"'+¢(xn1 "'xnk,,:ynl"'ynk,,)
=p(xfl,wl)+---+p(xf,”,w,,)<%+%+---+%=1,

Thus we have shown

(1) p(xilxgz .o x;"’ylyz .. 'yn') <1.
Suppose X§xj + - x} =x{1x52 < - xSrand piyy YL =YYyt Ve
are words with x} and y} in F,(X) fori =1, 2, ..., k which realize the distance

P(X§IX52 < - - x5n, ¥y, - -+ y,). That is,

k
p(xilx;2 e xfln' y1y2 ° .ynl) = 121 p(x:" y;)°
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Consider the arrangement
xpxy - x

@ .
yl y2 oo e y;‘.
Let us fix orders of cancellation for reducmg the words xlx2 Xy and y1y)
+ -y" to their reduced forms x{1x52 - - - x;# and y,y, - - -y, respectively.

Whenever we cancel elements in what follows we have these orders of cancellation
in mind.

Suppose we consider an xi in the top line of (2) which remains when the
top line is reduced to its reduced form. Under this x;7 is an element u;, . If u;,
is an e or one of the y; that remain when the bottom line is reduced to reduced
form, then we stop. Otherwise u;, is cancelled by a un’l occurring somewhere
on the bottom line of (2). Above u;;! is an element u;, in the top line. If u;,
is either e or one of the xfi that remain when the top line is reduced, then we
stop. We continue this process until it stops as it must, since (2) is a finite ar-
rangement. There are four possible cases.

Case 1. The process ends with an e in the bottom line of (2).

Case 2. The process ends with an e in the top line.

Case 3. The process ends with an element y;, on the bottom line which re-
mains when the bottom line is reduced.

Case 4. The process ends with an element x;/ <Ii on the top line which re-
mains when the top line is reduced.

We wish to show that with our particular words only Case 3 can occur.
Then we will show that the process beginning with x{7 ends with y, fori =1, 2,

.« ,n. This will imply that n = n'.

The reader may show that neither of the first two cases can occur. Suppose
Case 4 occurs for x;i. Then the total number of u;; generated is odd, say 2m;
— 1. The process thus ends with x; l’i occurring over Uj,2m;—1 in the arrangement
(2). We calculate

POEIX52 =+ X3, Y1yttt Yy
> POt upn) + oy’ ) + (s i) + -+ p(up ) 2m 12 %)
= plxfh uyy) + pQuyy, up) + 0+ Py 2m ;15 x;, Ity > plxji, x ef’)
The way the pseudo-metric p was constructed assures us that p(x, i Xj; eii) =>1if
xji # xj; ~€Ii. This contradicts (1). Thus the only way Case 4 can occur is for x{t

to equal x,, €ii, Since the word x§1x52 - - - xpn is in reduced form this implies
li —j;1 = 2. There is no loss of generality in assuming that j; =i + 2. Thus we
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may assume that x7! is to the left of xf{i in arrangement (2) and that xffil , and
possibly more of the xfi , occurs between x7! and xf{' in the top line of e(2). We
will show that Case 4 must also occur for the element x7i*! and that x,{i*l‘ is
also between x;¢ and xf{i. This will lead to a contradiction which implies that
Case 4 does not occur at all.

Before showing this we need a definition which is used both now and later
in the proof. We say that an element of F,(X) in (2) is in position p or has po-
sition number p if it is situated in a position between the columns determined by
u;, and u,-'l',l in arrangement (2). Notice that an element may have many differ-
ent position numbers or no position numbers at all. This may occur when the
u;; do not proceed strictly to the right but instead change directions one or more
times while progressing from x{? to xf{i.

Notice also that if an element y lies in the bottom line of (2) and has odd
position numbers p,, p,, . . . , P, and possibly some even position numbers as
well, then y must be cancelled by an element y~! having exactly the same odd
position numbers p,, p,, . . ., p,. This follows because when y has an odd po-
sition number p and y~! is not also in this position, then y lies between U, and
u,;’ on the bottom line and prevents their cancellation. The even position num-
bers may be different for such a pair y and y~!. Similar remarks can be made
about the even position numbers of elements occurring in the top line of (2).

Some of the elements u;, and u;,‘ may lie outside of the region between
x; and xf{i. Thus there may be points that lie to the left of x{ or to the right
of xf{f in (2) which have position numbers. However, if the sequence of terms
u;; and u};l does get outside of the region between x; and xf{', then it must return
since the net sum of all its wanderings must be movement from xj? to xf{i. Thus
we see that the total number of position numbers for a point which is not one
of the terms u;; or u;; ! and which lies outside of the region between x{7 and
xf{i must be even. Similarly, the total number of position numbers of an element
which is not one of the terms u; and u;; ! and which lies in the region between
xji and xf{i is odd.

Consider the element x7!* ! which does not cancel when the top line is re-
duced. Since i <i+ 1 <j, we know that x{It1 lies between x{i and xjJ# on the
top line. Thus we may conclude that the total number of position numbers for
x5i+1 js odd and that there are no even position numbers. Clearly u;, , ;, which

i+1

. . €i41 igs €i+1
lies directly under x;{*! has the same position numbers as x, {5 '. Thusu;,, ;

must cancel since it is an element in the bottom line with an odd, and hence
positive, number of odd position numbers. It follows that Case 3 does not occur
€ . .
for x;i+ 1 with u;, , | being y;,, ;-
We shall study the sequence u;,, ;, “i_+11,1' Uity .29 u ) 25 -+ « Notice

that if j is odd then Uiy, and u;ll' j are on the bottom line, while if j is even



408 CHARLES JOINER

they are on the top line. Suppose that above “:+1 ; the element x;/{ ’“’l occurs.
Then where convenient we will say that u;, j+1 is equal to x; ’i+l Slmllarly
if the element below u;}}, t 18 Yj; 4> then we will say that “i+1 2+1 isequal to
Yji41+ We show that the following two properties are always satisfied.

(@) Ifu;,,;isin the region between the positions of x§i and x,i' then
U;,4,; has an odd number of odd position numbers and an even number of even
position numbers.

(B) Ifu;yy ;is not in the region between the positions of x;7 and xefi
then u; . , ; has an odd number of odd position numbers and also an odd number
of even position numbers.

Before giving the proof we notice that whenever u;ll’t occurs, the point
U;1q 41 Occurs directly above or below it. Thus u ) pand ¥, 4.4 have the
same position numbers.

The proof is by induction. We have shown the properties already for
#;,1,1 Which has the same set of position numbers as x;41.

Assume the properties are true for ¥;,; ,. We consider the following two
cases.

Case (a). Suppose ¢ is odd so that u; , ;¢ is on the bottom line. Then
u;’_,_'l ,+ must appear in (2), since by assumption there is an odd, and hence posi-
tive, number of odd position numbers. Thus the process cannot stop with u;, , ,
being one of the elements y; remaining when the bottom line is reduced. Since
U;yq ¢ is on the bottom line we know ul, ¢ has exactly the same odd position
numbers as #;, ; ,. Thus “i+1 sand 4, .., both have an odd number of odd
position numbers. If u, +1 ¢ is between x;i and x; i, i, then its total number of po-
sition numbers is odd so it and ;. 4 have an even number of even posmon
numbers as desired. On the other hand, if u;}}, ¢ is not between x;7 and x,
then the total number of position numbers is even so it and ;. ,,, both have
an odd number of even position numbers. In either event properties () and (f)
are true for Case (a).

Case (b). Suppose ¢ is even so that u;, , . is on the top line. The proof
for Case (b) is omitted.

It follows that properties (&) and (B) hold for every u;, , ; and u,',,,'l J Sup-
pose j is odd so that u;, , ; is on the bottom line of (2). Then by properties (a)
and (), u;4, j must cancel since it must have an odd, and hence positive, number
of odd position numbers. This implies Case 3 cannot occur for xi j_"il Suppose
now that j is even and u;,, ; is outside of the region between x; and x;/ ii From
property () we see that it must have an odd, and hence positive, number of even
position numbers. Thus %, ; must cancel so that Case 4 cannot occur for
x“"’l with such a 4, . being x; ’t+l But arrangement (2) is finite so the
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process must end somewhere. The only possibility is for it to end with x}? j_"il in
the region between x§i and xf{i .

We have shown that if Case 4 occurs for an element xfi with i <j;, then
Case 4 also occurs for x;, ; and i <j; .y <j;. Bvidently i <i + 1 <j;,, <j;
and j;,, = (@ + 1) + 2 =i + 3. By applying the same argument successively to

€i+1 y€i+2 . €it1
X0 X5, - - - we find that Case 4 must occur for all the points x40

xfi"iz, ... with i + ¢ being less than j; for £ = 1,2, ... . This is impossible so
Case 4 cannot occur.

Thus with our particular words in arrangement (2) only Case 3 can occur
for any xfi, fori=1,2,...,n,which is not cancelled when the top line is re-
duced. Since we know n’ < n, this implies n = n’.

We still must show that Yiy=yifori=1,2,...,n. To do this we will
show that j; <j,,, fori=1,2,...,n—1. Fix such ani. We know that
xH1 is to the right of x§7 in (2).

Let us consider the sequence

-1 -1 -1
Upps Uy » Uiz Ugg s o o -5 Uiomp Yiomp Yi2my+1

where #;,2/m,41 = Yj;- This sequence begins at x;! and ends at Yj;- Thus a point
which is not a member of this sequence and lies in the region between x;? and Vi
must have an odd number of position numbers. Points outside of this region
must have an even number of position numbers.

We will need the following two properties.

(@) Ifu,, j is to the right of y;, then it has an even number of odd posi-
tion numbers. If u; , j is to the left of y;; then it has an odd number of odd po-
sition numbers.

@) Ifu,, j is to the right of x;i then it has an even number of even po-
sition numbers. If u;, , ; is to the left of x;i then it has an odd number of even
position numbers.

Properties (a') and (8') can be shown by induction by a proof similar to that
used to prove (@) and (). This proof is omitted.

Properties () and (§) hold for all points #;, 4 j,/ =1,2,...,2m;,, and
also for the point j,, ; = #i4+1,2m;y+1- Now Yj41 is on the bottom line, and
it does not cancel when the bottom line is reduced. Thus it does not have any
odd position numbers. By (') this is impossible if it is to the left of Vigr Thus
Yiie is to.the right ofy,-i and j; <j;4q fori=1,2,...,n—1 as desired.
Since each of the integers j, for# = 1,2, ..., n must be one of the numbers 1,
2,...,n,it follows that j; =i fori=1,2,...,n

Thus we have shown that Case 3 applies to every x;/ which remains when
the top line of (2) is reduced. Further we have show that j, = i for
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i=1,2,...,n Going back to Case 3 we calculate foreachi=1,2,...,n,

p(xflxgz . e x:n’ Yiya oo .yn)
> p(xit, uy) + P(ual’ up) + p(u&l, Up) +-- -+ P(“;zlm{ yfi)
= P(x?: u;) + p(u;y, ui—zl) + P(ux-zl: uz)+---+ P(“;zlm,' yii)
> o0, y;) = p(xi ¥

Thus by (1) we have p(x{i, y,) <1 fori=1,2,...,n. Thus y; € Ui for
i=1,2,...,n Thatis,

UielU;ez “ee U;’e,, ﬂFn(X) C U?U? oo U:"

as we set out to show. But U;€1U,¢2 - - - U,¢n N F,(X) is a neighborhood of
x§1x52 - - - xtn in F,(X) so the lemma follows.

A similar proof gives the Abelian case of the Fundamental Lemma.

The following corollary of the Fundamental Lemma is sometimes useful.
This result has been announced by Arhangel'skil [3].

COROLLARY 1. Let X be a completely regular space. Then F,(X) and
A, (X) are closed subsets of F(X) and A(X) respectively.

PrOOF. The corollary follows easily from the Fundamental Lemma. We
give an independent proof. Let B(X) be the Stone-Cech compactification of X.
Then there exist a natural continuous monomorphism ®: F{X) — F((X)) such

that ~1(F,,(B(X))) = F,(X). Since B(X) is compact F,,(8(X)) is compact and
hence closed in F((X)). Since @ is continuous F, (X) is closed in F(X).

4. Determination of dim X by F(X) or A(X). Before determining the di-
mension of X we need the following result.

THEOREM 1. Let X be a completely regular space and let Y be a compact
subset of A(X). If the elements of Y are written in terms of the elements of X
then the lengths of their reduced representations are bounded. That is Y is con-
tained in A (X) for some positive integer k.

PrOOF. Suppose Y is not contained in 4,(X) fork=1,2,... . Then
we may choose a sequence {y;},5, contained in Y such that the length of y, in
terms of X is at least 2¥ + Z¥_!n, for k = 1,2, ..., where n; denotes the
length of the reduced representation of y; with respect to X.

Since Y is compact we know that the sequence {y;};5, has at least one
limit point y € Y. Let €,x; + €,x, + - -+ ¢,x, =y be the reduced represen-
tation of y in terms of elements x; of X where ¢;is 1 or =1 fori=1,2,...,n
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Similarly let €;,x;; + €%, + - * + €inXin; = ¥; be the reduced representation
ofy,fori=1,2,...,in terms of X where € is lor—1forj=1,2,...,n.

By adopting an idea used in the proof of Lemma 6.1 [6], we will define
inductively continuous functions {f;};5, from X into the additive real numbers.
We define f; on X so that f;(0) = 0 and fl(xj) Oforj=1,2,..., n;fl(x")
=¢;27! forj=1,2,...,n, wheneverx,, #x,fori=1,2,...,n;and
If()l < 27! for all x € X. Since X is completely regular, such a continuous
function exists. Suppose the functions f}, f,, . . . , fy—; have been chosen. Then
define the function f on X so that £;(0) = 0 and fi(x;) = 0 forj =1, 2, .
nfix)=0fri=1,2,. k—l andj=1,2,...,n;lf,(x) <27% for
all x € X; and fi(x,;) = akekiZ whenever x;; #x; fori=1,2,...,nand
XpjFxyfori=1,2,...,k—landt=1,2,...,n and where o is 1 or
=1 depending on whether E,"._Z'll Z/K, €yjf{xx;) is nonnegative or negative.

Define the function f' from X into the additive group of real numbers by
() =, f{x) for all x € X. The function f’ is continuous on X. Extend f'
to a continuous homomorphism f defined on all of A(X) by

t
fleyzy +epz, +---+ez)= Y €f @)

=1
where z;€E X and ¢jis 1 or—1 fori=1,2,...,t. We have forany k=1,
2,...,

ng

P ekif (xkj)
j=1

SOl = (e Xy + €xaXia + - ° o+ € Xpn )l =

ekifi(xkj)

n k
2 2 efitx))
=1 =1

j=1 i=1

f ek/f (xk,) + f equk(xk])

i— i=1

By using the definition of a; we find that the two sums inside the last absolute
value have the same sign. Thus we have

o)l = ek}fk(xkj) .

The way the functions f;, were chosen assures us that every nonzero term
in the last sum has the same sign and magnitude 27%. Since n, > 2¥ + Tk !n,
we know that at least n,, — (Z¥_!n, + n) > 2% — n of these terms are not zero.
Thus for any k large enough so that 2¥ = n > 2%~ or 2=1 > 1 we have |f(y,)|
>%. But
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n
fO)=flex; + ey + -+ +¢,x,)= ‘21 f'x)=0
so y cannot be a limit point of {y;};5,. This is a contradiction. The theorem
follows.

Theorem 1 is not a new result. There is a much easier proof which estab-
lishes the theorem in both the Abelian and non-Abelian cases. Let X be a com-
pletely regular space and (X) its Stone-Cech compactification. Then there is a
natural continuous monomorphism ®: F(X) — F(#(X)). Let Y be a compact
subset of F{X). Then &(Y) is a compact subset of F(B(X)). By Lemma 9.3 of
Steenrod [19] and Theorem 4 of Graev [6] of F((X)) is contained in F,((X))
for some n. Thus Y C ®71(F,(8(X))) = F,,(X).

The first proof is given because it does not use the fact that A(X) is a free
Abelian topological group on X. All that is used is that every continuous map
from X into the additive group of real numbers R can be extended to a contin-
uous homomorphism from A(X) into R. This is a much weaker condition which
is satisfied by F(X, V), the free topological group on X of ¥, where V denotes
any Abelian variety of topological groups containing R. For information on var-
ieties of topological groups see [12], [13], and [14] by S. A. Morris.

Let us recall a few facts about dimension [15]. The empty set is said to
have weak inductive dimension —1. A topological space X is said to have weak
inductive dimension < n if every point x in X has a fundamental system of
neighborhoods whose boundaries have weak inductive dimension <n —1. We
say the weak inductive dimension of X is equal to n if it s <n but not <n —1.
Weak inductive dimension is equivalent to the other standard definitions of dimen-
sion for a separable metric space.

In Graev [6] it is shown that if X and Y are compact metric spaces such
that A(X) and A(Y) are topologically isomorphic then X and Y have the same
dimension. By combining some ideas of Graev’s proof with some of our own we
are able to extend this result to the case where X and Y are locally compact
metric spaces. The results also hold if F(X) and F(Y) are topologically isomor-
phic.

THEOREM 2. Let X and Y be locally compact metric spaces with A(X)
topologically isomorphic to A(Y). Then the spaces X and Y have the same weak
inductive dimension.

ProoF. We will regard Y as a subset of A(X) which generates A(X) as its
free topological group. In this way we can write elements of X in terms of ele-
ments of Y and elements of Y in terms of elements of X.
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Let 7, (X) be the set of all points x in X where the dimension of X is at
least k; that is, where dim, X > k. Suppose dim X > k so that 7, (X) is not
empty. Then from dimension theory [2, p. 42], we know for x € 7, (X) that
dim, 7,(X) = dim, X > k. Let X, be the nonempty compact closure in 7,(X)
of an open set. Then X is a compact subset of X which contains a dense set of
points x such that dim, X, = k. It follows that the dimension of every open
subset of X, is at least k.

Since X, is compact we know from Theorem 1 that the points of X, can
be written as words of bounded length with respect to Y. Let n be the smallest
positive integer for which X, C 4,(Y). Let x € X, have reduced representation
Yi+y,+---+y, wherey,€A4,(Y)fori=1,2,...,n and where the set
8= {@ ): y;=y;andj # i} contain a minimum number of pairs @, /). Choose
open sets U, U,, . . ., U, with compact closures in 4,(Y) so that 0 ¢ U,
either U;C Yon U;C Y ', and y; € Ufori=1,2,...,mUNU"' = &
fori,j=1,2,...,m;U;N U] = & whenever (7, /) € S; and U; = Ul whenever
(i, ) €S. Define

V=(U, +Uy +---+U)NX,.

Then by the Fundamental Lemma, V is an open neighborhood of x in X, such
that every element of ¥ has length exactly n with respect to Y. Further, if
Oy +tyy+---+y)e V then y; = y; if and only if (3, /) € S.

Every point p € V can be written uniquely in the form p, +p, + - -+
p, where p, € U; fori=1,2,...,n Define functions f; from V into U; by
@) =p;fori=1,2,...,nand forp=p, +p, +---+p, €V. We will
show that the functions f; are continuous on V. Supposep =p, +p, +-- -+
P, € V and W; is an open neighborhood of f(p) = p; in A,(Y). We may assume
without loss of generality that W, C U; fori=1,2,...,n. We have

iAW) =1py +py + - +p, EV:piEW}

It follows that f; l(W,-) is a neighborhood of p in V¥ so that f; is continuous in
Vfori=1,2,...,n

First we consider the function f;. Lety} =x,; +x,, +---+ X1n, be
a point of maximal length n, in f,(V) with respect to X. We also require that
the set S; = {(i, ): x,; = x, jand i #j} contain a minimum number of pairs
(. ). Choose open sets ¥y, Vy5, . .., Vy,, with compact closures in 4,(X)
sothat 0¢ ¥V, ¥V, CXor V; CX ', andx,;EV,;fori=1,2,...,n
Vin Vi',-‘ =g@gfori,j=1,2,...,n;Vy; NVy; = & whenever (i, /) € S,;
Vyi=Vy; whenever (, )) ESysand (Vyy + Vyp + -+ Vi ) N4, (V) CU,.
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Define W, to be an open set in A(X) such that W) N 4,,(X) =V, + V;,
+:++ Vi, and Wy N 4,(Y) C U,. Define Uy = W, N A (Y). Then Uj is
an open neighborhood of y} in 4,(Y) such that every point of f,(¥) N U; has
length exactly n, with respect to X and U; C U,. Since y} € f,(V), there is a
point of the formyj +y,, +y,3+ - +y,, €V CX, with y,; € U for
i=2,3,...,n Define

V,=U +U, +Us +---+U,)NX,.

Thenyj +y,, +y,;3+---+y,, €V, CV;V, is open in X;; and for any
pointz, +z, +---+z, €V, withz;EF (Y)fori=1,2,...,n, we know
z, has length exactly n; with respect to X. As V; C V, we know every element
in ¥, has length exactly n with respect to Y.

We are now able to apply the same argument using f, instead of f; and ¥,
instead of V. After this we continue by applying this argument successively to
f3f45 - - . s fp. At the end of this process we will have open sets V; with com-
pact closures in 4,(X) fori=1,2,...,nandj=1,2,...,n;s0 that: 0 ¢
V; and either V; C Xor V; CX ' fori=1,2,...,nandj=1,2,...,n;
VNVt =@fori=1,2,...,nandj, t=1,2,...,n;V, NV, =8
whenever (s, £) € S;; V;, = V;, whenever (s, ) €ES;;and (Vyy + Vyp + - +
Vin) N A;(Y) C U;. During this process we let W; be an open set in 4(X) such
that W, N Ap (X)=Vy +Vy +-- -+ Vipyand W,N A (Y) C U fori=1,
2,...,n Wealsolet Uy=W,NA,(and V;=(U, +Uy +---+Uj +
Uy +---+U)NX, fori=1,2,...,n Each Ujis a nonempty open sub-
set of A;(Y) and each V; is a nonempty open subset of ¥ C X,,. We have V' D
VidV,D:-:DV,.

It is V,, which interests us. Every point in ¥, has length exactly n with
respect to Y. Ifz, +z, + - - - +z,, is any point of ¥,, with each z; € U; C
A, (Y) then z; has length exactly n; with respect to X fori=1,2,...,n

Let z;y +2j, + - - - + 25, be arbitrary points of Uinfv,) fori=1,2,

. ,nwherez,l-e Vi,- fori=1,2,...,nandj=1,2,...,n;. Define func-
tions g;; from Uy N f(V,,) into V;; by g,4z;y + 25 + -+ zyn) =2 fori =
1,2,...,nandj=1,2,...,n,. Since every point of U; N f(V,) has a
unique representation of the form z;, +z;, + - - - + z;,, these functions are well
defined. As was the case for the functions f; we know gj; is continuous for i =
L,2,...,nandj=12,...,n,.

We shall study the functions g; © f; from ¥, C X, into V;; C X. Suppose
x is any point of V,,. Then we have the equationx =y, +y, +---+y, =
X+t xyy ooty + o0+ Xy, for suitable choices of y, =x;
+x5 + 0+ Xin, €U/ N f1(V,,), where x; € Vi fori=1,2,...,nand
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i=12,...,n; From this equation we know the word
trortxg, bt Xy txpy et X,

reduces to simply x. It follows that for any x € V,, there are values of i and j
for which g; o f(x) = x;; = x. Let A;; be the set of all fixed points of g;; o f;
in V,,. Then
V,= U 4,

1<i<n;1<j<n;
In additionA,.,- isclosed in ¥, fori=1,2,...,nandj=1,2,...,n;. Since
this is a finite union, we can choose integers s and ¢ so that Ay, contains a non-
empty open set W, in V,,. By taking a smaller set if necessary we assume W“
C V,, where the closure is taken in the metric space X.

We know g, o f, is the identity on W,,. Thus f; is one-to-one on W,,. We
know f; is continuous and W,, is compact. It follows that f,|W,,, is a homeomor-
phism from W,, into U, C F,(Y). Recall that either U; C Y or U, C Y1,
Since Y and Y™! are homeomorphic we know that in either case Y contains a
copy f(W,,) of W,,. But W,, is a nonempty open subset of Xy = 1,(X) so
dim W, > k. It follows that dim Y > dim f(W,,) > k. Hence dim X <dim Y.

In the same way dim ¥ <dim X. Thus dim X = dim Y as desired.

THEOREM 3. Let X and Y be locally compact metric spaces with F(X) to-
pologically isomorphic to F(Y). Then the spaces X and Y have the same weak
inductive dimension.

ProOF. By Markov [10], A(X) = F(X)/6 and A(Y) = F(Y)/6 where § is
the commutator subgroup. Thus A(X) = A(Y). The result follows from Theorem
2.

5. Miscellaneous results. Next we take advantage of the theory we have
developed to investigate what conditions the space X must satisfy in order for
RAX) and A(X) to be locally compact, paracompact, or normal. If X has the dis-
crete topology then F(X) and A(X) also have the discrete topology. Graev showed
in C which follows his Lemma 6.1 that if X is not discrete then the topological
groups F(X) and A(X) are not second countable. A close reading of his proof
reveals that he shows that if X is not discrete then F(X) and A(X) are not first
countable and hence not metrizable. The following consequence of Theorem 1
has also been shown by Dudley [4] and Abels [1].

THEOREM 4. Let X be a completely regular space. If the topology of X is
not discrete then the groups F(X) and A(X) are not locally compact.



416 CHARLES JOINER

PrOOF. Suppose U is a compact neighborhood of the identity element 0
in A(X). By Theorem 1, U C A,(X) for some positive integer n. Let x, be a
nonisolated point of X. Then nx,, is a limit point of {nx: x € X, x #x,}.
Thus 0 is a limit point of {nx —nxy: x € X, x #x,}. Every point nx — nx,
with x # x, has length 2n so U contains an element of length 2n. This is impos-
sible since U C 4,(X). Thus there are no compact neighborhoods of 0 and A(X)
is not locally compact.

We know [6] that the mapping ¢ from F(X) onto A(X) defined by
ox;x, -+ -x,) =x, +x, + -+ +x, is both continuous and open. It follows
that F(X) is not locally compact either.

It is easy to see that if X is a completely regular space which is a countable
union of compact spaces then the groups F(X) and A(X) are also countable unions
of compact spaces. Thus F(X) and A(X) are paracompact. However if X is
Lindelof and completely regular (i.e. paracompact) then F(X) and A(X) need not
be paracompact. Let X be a completely regular space which is not normal. By
constructing F(X) and A(X) for such a space, Markov [10] showed that a topo-
logical group or an Abelian topological group need not be normal. Our example
will also show that the free topological group and free Abelian topological group
of a normal space need not be normal.

ExAMPLE. Let X be the closed unit interval [0, 1] with the half open in-
terval topology. That is a base for the topology is formed by all half open inter-
vals of the form [x, y). X is a normal Lindelof space for which F(X) and A(X)
are not normal. We leave the details of the proof to the reader. The proof uses
the Fundamental Lemma and is very much like the standard proof used to show
the topological product of X with itself is not normal. Additional relevant infor-
mation can be found in [20].

Let G be a topological group. We denote by Aut(G) the set of all topolog-
ical isomorphisms of G onto itself. Then Aut(G) is itself a group.

THEOREMS. Let X be a completely regular space. Let ¢ € Aut(F(X)).
Then the subspace ((X) of F(X) algebraically generates all of F(X) as its free to-

pological group.

PrROOF. There can be no nontrivial algebraic relations in ¢(X) as ¢~! €
Aut(F(X)) and such relations are carried back into X by ¢~!. In addition e €
¢(X). Thus ¢(X) algebraically generates a free group (X)) C F(X). Letx € X
with ¢~1(x) = x§1x52 + - - x;n where x, E X and g;is L or =1 fori=1,2,...,
n. Then x = p(x{1x52 - - - x5n) = o(x,)19(x,)°2 - - * @(x,)°" so that x €
(X)) for every x € X. It follows that ¢(X) generates the entire free group F(X).

Let us show that F(X) is the free topological group of ¢(X). We verify the
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three properties given in the definition of a free topological group. First we ob-
serve that o(X) C F(X) and second we recall that ¢(X) algebraically generates
F(X). Now suppose k' is any continuous function from ¢{(X) into a topological
group G such that '(e) is the identity in G. We extend A’ to a function & de-
fined on all of F(X) by h(p(x,)¢1 - - - o(x,)°7) = h'(p(x,))1 * « - H'(A(x,))*"
where x,, x5, ..., X, are points of X and ¢;is 1 or—1 fori=1,2,...,n.
Notice that since {¢(X)) = F(X) any word in F(X) can be written in the form
9xy) 1 00x,)°2 - - ¢, )P

The extended function A is clearly a homomorphism. We must show that
it is continuous. Consider the continuous function (4’ o ¢)|X from X into the
group G. We know F(X) is the free topological group of X so the extension g of

(' o ¢)IX to F(X) defined by g(x§1 - - - xgn) = [(1 0 @I X)(x,)] 1 - - -
[(% o ¢l X)(x,)] " is continuous. A direct calculation shows that h =g o oL,
Thus % is continuous and F(X) is the free topological group of ¢(X).

An analogous argument gives the Abelian case of this theorem.
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